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Perturbation analysisAbstract In this study, the forced convective in a tube filled with porous media is investigated ana-
lytically based on the perturbation methods. Thermal conductivity of the medium is assumed to be
a linear function of radius. The Brinkman–Forchheimer-extended Darcy and local thermal equilib-
rium models are applied for momentum and energy equations. Analytical expressions for the tem-
perature profile and Nusselt number as functions of porous medium shape parameter and thermal
conductivity variation parameter are introduced. An analytical expression of the Nusselt number
based on a variable conductivity with radius for the extended model of Darcy–Brinkman–Forchhei
mer has not been previously proposed, and the present study aims at filling this gap. The effects of
porous media shape parameter (s), Forchheimer number (F) and linear parameter of conductivity
(e) on the Nusselt number and temperature profile are discussed. Results show that the Nusselt
number increases with a linear increase in the thermal conductivity of the medium.
 2016 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Heat transfer is applied in many industrial devices such as heat
exchangers in petroleum engineering, filtration, geomechanics,and storage of absorbed solar energy [1–5]. The fluid flow and
heat transfer in porous channels have been extensively investi-
gated because of the wide range of potential engineering appli-
cations [6–8]. Dessie and Kishan [9] investigated the heat
transfer through a porous medium toward a stretching sheet
with variable viscosity under MHD condition. The Lie’s scal-
ing group of transformations was applied in order to convert
the partial differential equations of the governing equations
into self-similar nonlinear ordinary differential equations.
Then these equations were solved numerically by Runge–
Kutta fourth order with shooting method. The effect of differ-
ent parameters on velocity and temperature profiles was
discussed. Khan and Gorla [10] studied the mixed convection
of power-law fluids along a wedge in a porous medium withion, Ain
Nomenclature
asf specific surface area (m
1)
cp specific heat at constant pressure (J kg
1 K1)
C concentration ratio
CF inertial constant
dp particle diameter (m)
Da Darcy number, K/R2
F Forchheimer number
G negative of the applied pressure gradient in the
flow direction (Pa m1)
hsf fluid–solid heat transfer coefficient (W m
2 K1)
K permeability of the medium (m2)
k conductivity ratio
kf conductivity of fluid phase (W m
1 K1)
kf,eff effective conductivity of fluid phase (W m
1 K1)
km effective conductivity of the medium (kf,eff + ks,eff)
(W m1 K1)
ks conductivity of solid phase (W m
1 K1)
ks,eff effective conductivity of solid phase (W m
1 K1)
M viscosity ratio
Nu Nusselt number
q00 heat flux at the wall (W m
2)
R tube radius (m)
s porous medium shape parameter
T Temperature (K)
Tm bulk mean temperature (K)
Tw wall temperature (K)
u dimensionless velocity
u* velocity (m s1)
u^ normalized velocity
U* mean velocity (m s1)
x, r dimensionless coordinates
x*, r* dimensional coordinates (m)
Greek letters
e linear proportionality multiplier of the variable
thermal conductivity model
h dimensionless temperature
l fluid viscosity (Kg m1 s1)
leff effective viscosity in the Brinkman term
(Kg m1 s1)
q fluid density (kg m3)
u porosity of the medium
Subscripts
i inlet
a ambit
f fluid phase
s solid phase
w reference thermal conductivity
2 M.T. Jamal-Abad et al.Robin boundary condition. An implicit finite difference
method is used to analyze the effects of mixed convection.
Local dimensionless skin friction and Nusselt number were
obtained and the effects of the wedge angle, power index and
mixed convection parameter on their behavior were investi-
gated. Kaviany [11] solved the heat transfer in channel under
constant heat flux boundary condition analytically and the
Brinkman–Darcy was assumed for momentum equation. The
Darcy–Brinkman momentum and energy equations in a pipe
filled with porous media were solved by Hooman and
Ranjbar-Kani [12]. They used perturbation methods to repre-
sent dimensionless velocity and temperature distributions at
iso-flux boundary conditions. Dehghan et al. [13,14] investi-
gated forced convection in a plane channel and tube filled with
porous media. The local thermal non-equilibrium condition
for energy equations was assumed and a new dimensionless
number was introduced in order to representing the intensity
of the LTNE condition.
The effects of variation of permeability and thermal con-
ductivity on fully developed forced convection in porous media
were investigated by Nield and Kuznetsov [15]. A linear model
was assumed for permeability and thermal conductivity. They
found that the Nusselt number increased with permeability
near the wall, but a non-monotonic pattern was observed for
the conductivity variation. They extend their research by
assumed two-equation model for the energy equation and
showed when the solid conductivity is greater than the fluid
conductivity, the impact of local thermal non-equilibrium is
noticeable [16]. In another research Nield and Kuznetsov [17]
investigated thermally developing flow between parallel-plate
channels. The developing temperature profile for the Darcy’s
law was defined based on modified Graetz methodology. ThePlease cite this article in press as: Jamal-Abad MT et al., Variable conductivity in for
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velu and Tso [18]. Viscosity was defined a linear function in
the transverse direction. The results indicate that the impact
of viscosity variations on the heat transfer rate was significant
by reducing it. This fact can be explained by enhancing the
local velocities near the walls, due to change in the fluid viscos-
ity. The effect of temperature-dependent viscosity on the devel-
oped forced convection in a porous duct was studied
analytically by Hooman and Gurgenci [19]. An inverse-linear
viscosity–temperature relation was considered. The results
reveal that the Nusselt number increases when the
temperature-dependent viscosity declines. Also, they studied
effects of temperature-dependent viscosity on the natural con-
vection in an enclosure filled with a porous medium [20].
The effect of a combined conductive–convective–radiative
process in porous media was studied by Nield and Kuznetsov
[21]. Result showed that the radiative heat transfer causes the
Nusselt number increases. Dehghan et al. [22] investigated the
combined conduction–convection–radiation heat transfer in
porous media and considered the effect of porous medium
shape parameter (s) and radiation parameters on heat transfer.
The homotopy perturbation method (HPM) has been used in
order to obtain analytical solution. In another research they
investigated the effects of variation of the thermal conductivity
on forced convection in parallel-plates filled with porous media
[23]. Analytical expressions were proposed for temperature
profiles and Nusselt number based on the perturbations
method.
In this study, flow and heat transfer in a pipe filled with
porous media under iso-flux condition are investigated analyt-
ically. Brinkman–Forchheimer-extended Darcy model is
assumed for momentum equations and energy equation isced convection for a tube filled with porous media: A perturbation solution, Ain
Variable conductivity in forced convection for a tube 3solved under the local thermal equilibrium condition. The
thermal conductivity of the medium is assumed to be a linear
function of radius. Perturbation techniques are applied in
order to find expressions for Nusselt number and temperature
distribution. Finally, the pertinent effective parameters such as
porous medium shape parameter and variable conductivity on
the Nusselt number and temperature field are investigated.
2. Mathematical modeling
The schematic diagram of the problem is shown in Fig. 1. The
following assumptions are used in the analysis:
 The flow in the porous media is incompressible.
 The steady-state fully developed forced convection is
desired.
 The natural convection is neglected.
 The porosity of the medium is assumed to be uniform and
constant.
 The wall of tube is kept at a constant flux.
According to the stated assumptions, the governing equa-
tions can be presented as following [24]:
leff
d2u
dr2
þ 1
r
du
dr
 
 l
K
u  CFqu
2ﬃﬃﬃﬃ
K
p þ G ¼ 0 ð1Þ
Eq. (1) is the Brinkman–Forchheimer-extended Darcy
equation where r* is the radial direction, u* is the fluid velocity,
l is the fluid viscosity, K is the permeability, q is the fluid den-
sity, CF is the inertial coefficient, G is the negative of applied
pressure gradient in the flow direction, and leff is the effective
viscosity equal to l=/ [10,24]. / is the porosity of the medium.
The steady state energy balance equations of the solid and fluid
phases are [24]:
@
@x
qfCpu
Tf
  ¼ 1
r
@
@r
rkf;eff
@Tf
@r
 
þ hsfasfðTs  TfÞ ð2Þ
0 ¼ 1
r
@
@r
rks;eff
@Ts
@r
 
 hsfasfðTs  TfÞ ð3Þ
Eqs. (2) and (3) are the energy equations for the fluid and
solid phases, respectively. In these equations the subscripts
‘s’ and ‘f’ denote the solid and fluid phases, respectively. T is
temperature, cp is the specific heat of the fluid phase at con-
stant pressure, and ks,eff and kf,eff are effective thermal conduc-
tivities of the solid and fluid phases given by the following:x*
r*
2R(u*,T)
q
q
′′
′′
Porous Media
Figure 1 Schematic diagram of the saturated porous tube.
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kf;eff ¼ /kf ð5Þ
Specific surface area and the fluid-to-solid heat transfer
coefficient appearing in the energy equations are expressed as
[24]:
asf ¼ 6ð1 /Þ=dp ð6Þ
hsf ¼ kf
dp
2þ 1:1Pr1=3 qu
dp
l
 0:6" #
ð7Þ
dp is the particle diameter and Pr is the Prandtl number.
Eqs. (1)–(3) are subjected to the no-slip and no-jump
boundary conditions. Also, the symmetry is imposed by the
geometry of the tube:
du
dr

r¼0
¼ 0; uðr ¼ RÞ ¼ 0 ð8Þ
@Tf
@r
¼ @Ts
@r
¼ 0 at r ¼ 0
Tf ¼ Ts ¼ Tw at r ¼ R
ð9Þ3. Analysis and solution
For the steady-state fully developed situation with imperme-
able tube wall, there is unidirectional flow in the x*-direction
inside the tube. Dimensionless form of the momentum Eq.
(1) and the boundary conditions (8) is [24]:
M
d2u
dr2
þ 1
r
du
dr
 
 u
Da
MFu
2ﬃﬃﬃﬃﬃﬃ
Da
p þ 1 ¼ 0 ð10Þ
du
dr

r¼0
¼ 0; uðr ¼ 1Þ ¼ 0 ð11Þ
The dimensionless variables are defined as follows:
x ¼ x

PeR
; r ¼ r

R
; u ¼ lu

GR2
ð12Þ
where M is the viscosity ratio, Da is the Darcy number, Pe is
the Pe´clet number, and F is the Forchheimer number defined
by the following:
M ¼ leff
l
; Da ¼ K
R2
; F ¼ CFqGR
3
lleff
ð13Þ
Eq. (10) can be rewritten as follows:
d2u
dr2
þ 1
r
du
dr
 s2u FSu2 þ 1
M
¼ 0 ð14Þ
du
dr

r¼0
¼ 0; uðr ¼ 1Þ ¼ 0 ð15Þ
where s is the porous medium shape parameter defined as
follows:
s ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
DaM
p ¼
ﬃﬃﬃﬃﬃﬃ
/
Da
r
ð16Þced convection for a tube filled with porous media: A perturbation solution, Ain
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u^ ¼ u

U
ð17Þ
where U is the mean velocity given by the following:
U ¼ 2
R2
Z R
0
urdr ð18Þ
Ref. (25) has presented the velocity field of the present
problem by applying the perturbation techniques, and results
must be divided into two limiting cases: small and large values
of the porous medium shape parameter (s). The normalized
dimensionless velocity for the case of s< 1 using the
straight-forward expansion method is [25]:
u^ ¼ 2ð1 r2Þ þ sF
144M
2r6  9r4 þ 9r2  2 	þOðs2Þ ð19Þ
For s> 1 the momentum Eq. (14) is a singular perturba-
tion equation with two boundary layers at each boundary
[14,26]. This type of equation should be solved by the method
of matched asymptotic expansions. The solution procedure
was explained in the study by Dehghan et al. [14]. After some
mathematical operations, one could show that the solution of
momentum Eq. (14) subjected to the boundary conditions (15)
would be as follows:
u^ ¼ 1 expfsðr 1Þg
1 2
s
þ 2
s2
þO 1
s3
 
ð20Þ
When the local temperature difference is negligible between
the two phases the LTE model based on one-equation model is
valid. Utilizing the LTE model, the internal heat exchange
between the solid phase and the fluid phase is not taken into
account and discrepancy between the temperature of the solid
and fluid phases (Ts = Tf) is negligible. Therefore the energy
equations reduce to the following:
@
@x
ðqfCpuTÞ ¼
1
r
@
@r
rk
@T
@r
 
ð21Þ
where k ¼ ð1 /Þks þ /kf. Moreover, it is assumed that the
axial heat conduction and viscous dissipation are negligible.
This fact can be proved by using scale analysis (order-of-
magnitude analysis) [28].
To solve Eq. (21), some definitions should be presented:
h ¼ T Tw
Tm  Tw ð22Þ
Tm ¼ 1
R2U
Z R
0
uTrdr ð23Þ
here h and Tm are dimensionless temperature and the bulk
mean temperature, respectively. The dependency of the con-
ductivity to the radius is modeled by the following:
k ¼ kw 1þ e r

R
 
¼ kwð1þ erÞ ð24Þ
kw is the reference thermal conductivity, e is the linear depen-
dency multiplier which is less than unit, and r is the dimension-
less radius. Eq. (24) shows that thermal conductivity increases
linearly with radius of tube, and hence it will be maximum at
wall of tube.Please cite this article in press as: Jamal-Abad MT et al., Variable conductivity in for
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Nu ¼ 2Rq
00
kwðTw  TmÞ ð25Þ
The steady-state thermal energy equation Eq. (21) can be
written as
qfCpu
 @
@x
ðTÞ ¼ @
@r
kw 1þ e r

R
 
r
@T
@r
 
ð26Þ
From the First Law of Thermodynamics
@Tf
@x
¼ 2q
00
w
qcpRU
 ð27Þ
By applying Eqs. (22)–(25) the non-dimensional form Eq.
(26) becomes
ð1þ erÞ d
2h
dr2
þ 1
r
þ 2e
 
dh
dr
þ u^Nu ¼ 0 ð28Þ
Boundary condition would be as follows:
dh
dr

r¼0
¼ 0; hð1Þ ¼ 0 ð29Þ
Eq. (28) is solved by using the asymptotic expansion
method. The temperature field is assumed to have the follow-
ing form:
h ¼ h0 þ sh1 ð30Þ
The temperature field will be solved by applying the nor-
malized velocity which is introduced by Eqs. (19) and (20)
for s< 1 and s> 1, respectively. For each case (s< 1 and
s> 1), the solution will be obtained separately. For s< 1
one could find
h ¼ Nu r
4  4r2 þ 3
8
 Fs
4608M
ðr8  8r6 þ 18r4  16r2 þ 5Þ


þ e
30
ð3r5 þ 10r3  7Þ
o
ð31Þ
Using the compatibility condition ðR 1
0
u
_
hrdr ¼ 0:5Þ yields
the following:
Nu
11
48
 29Fs
34560M
 107
630
e
 
¼ 1 ð32Þ
Eq. (32) is a singular algebraic perturbation equation and
the Nusselt number is as follows:
Nu ¼ 48
11
1þ 29Fs
7920M
þ 856
1155
e
 
ð33Þ
Eq. (31) shows that Nusselt number decreases with increas-
ing M and this fact has been proved in the previous literature
[27]. Moreover, when s! 0 and e ¼ 0, Nu ¼ 48=11 ﬃ 4:36.
This agrees with the well-known value of Nu for the clear-
fluid problem [28].
For the case of s> 1 the above procedure should be done
again. Applying velocity distribution, Eq. (20), and with
respect to Eqs. (28) and (29) the dimensionless temperature
profile is as follows:
h ¼ Nu
4 1 2
s
þ 2
s2
  1 r2 þ 4esðr1Þ
s2
 4
s2
 
þ 4e
6
ðr3  1Þ
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Figure 3 Effects of porous media shape parameter on the
Nusselt number.
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Nu
8 1 2
s
þ 2
s2
 2 1 8s2  2e
s
s2
 
 eNu
10 1 2
s
þ 2
s2
 2 ¼ 1 ð35Þ
Hence, the Nusselt number is found to be
Nu ¼ 8 1 4
s
þ 16
s2
þ 2e
s
s2
þ 8
10
e
 
ð36Þ
for slug flows when s!1 and e ¼ 0, Nu! 8. Clearly the
results are in good agreement with those of the Darcy flow
model.
4. Results and discussion
Fig. 2 shows the Nusselt number as a function of porous media
shape parameter (s) and e.
Lines are the results of Eqs. (33) and (36). It can be seen
that the Nusselt number of the perturbation analysis is in
agreement with the compared results which are obtained by
Hooman and Gurgenci [25]. As expected, the value of Nu is
between its values for the cases of plane Poiseuille flow and
slug flow, i.e. between 4.36 and 8. The outstanding feature of
graph is that Nusselt number increases with an enhancement
of thermal conductivity. According to Eqs. (33) and (36), the
Nusselt number directly depends on variable conductivity
parameter and a linear increase in the thermal conductivity
of the medium results in a semi-linear increase in the Nusselt
number.
Fig. 3 illustrates that the Nusselt number increases with
porous media shape parameter (s) and this increase is signifi-
cant at high value of porous media shape factor (s). Moreover,
assuming the thermal conductivity rise with the dimensionless
radius, a linear pattern can be seen for increasing the Nusselt
number with e parameter. Dehghan et al. [23] observed the
same results when they assumed the thermal conductivity of
the medium to be a linear function of temperature.
Fig. 4 is prepared to show the influences of F values when s
is small on the Nusselt number. It is observed that, Nu number
increases with increasing F values and by increasing s, this
increase becomes more significant. In other world, Forch-
heimer number has more effect on Nu number when the por-
ous media shape parameter (s) enhances (comparison
between s= 0.01 and s= 1). It is worthwhile to mention that
at high values of porous medium shape parameter (s) (when
s > 1) the Nusselt number is not affected by the Forchheimer0
1
2
3
4
5
6
7
8
9
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N
u
s 
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Figure 2 Effects of thermal conductivity variation on the bulk
mean Nusselt number.
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Figure 5 Effects of porous medium shape parameter (s) on the
dimensionless temperature profile: (a) constant conductivity
(e ¼ 0); and (b) variable conductivity (e ¼ 0:2).
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6 M.T. Jamal-Abad et al.number. This fact can be found from Eqs. (33) and (36) and
was mentioned in previous analytical and numerical Refs.
[23,25]. The reason is that at high value of s the nonlinear drag
(F) does not have any role on the normalized velocity distribu-
tion, so the Nusselt number is not sensitive to the F. This fact
has been proven in the previous researches [29–33].
The dimensionless temperature profile with the porous
medium shape parameter (s) for both constant and variable
conductivity assumptions (e ¼ 0 and e ¼ 0:2) is plotted in
Fig. 5. Symbols denote the analytical results of Hooman
[25]. It is clear that although the temperature profile increases
with increased s, it is not sensitive to the value of F. The shape
of the temperature profile is same for different values of s but
its value at the centerline increases as s increases.
Fig. 6 depicts the effect of variable conductivity assumption
on the dimensionless temperature profiles. It is obvious that
the dimensionless temperature profiles decrease with e. This
decline is more obvious at low value of the porous medium
shape parameter (s). The overall conductivity of the medium0
0.5 
1
1.5 
2
0 0.2 0.4 0.6 0.8 1
r 
0
0.5 
1
1.5 
2
2.5 
0 0.2 0.4 0.6 0.8 1
r 
0
0.5 
1
1.5 
2
2.5 
0 0.2 0.4 0.6 0.8 1
r 
0ε =
0.2ε =
0.4ε =
0ε =
0.2ε =
0.4ε =
0ε =
0.2ε =
0.4ε =
(a)
(b)
(c)
Figure 6 Effects of variable thermal conductivity assumption on
the dimensionless temperature profile: (a) s= 0.01; (b) s= 10;
and (c) s= 1000.
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ment is observed in heat transfer rate and the discrepancy
between the wall and fluid temperature declines. According
to Eq. (16) the numerator of the dimensionless temperature
decreases and consequently the value of h declines at the cen-
terline. The same pattern can be seen in the previous results
[17,23]. However, they assumed different models for conduc-
tivity variation of porous media.
5. Conclusion
Effects of thermal conductivity variation in a fully developed
region of a fluid saturated porous medium under iso-flux
boundary condition are considered. The thermal conductivity
has been assumed to vary linearly with radius. The Brink-
man–Forchheimer equation has been used to model the flow
through the porous medium and the perturbation techniques
have been applied to solve it. The Nusselt number and dimen-
sionless temperature are represented as a function of the vis-
cosity ratio, the Forchheimer number, the porous medium
shape parameter and linear parameter which is defined for
variable thermal conductivity for first time. Generally porous
media have positive effect on the heat transfer phenomena
such as nanofluid [34–44].
The highlights of the study could be stated as follows:
– Analytical expressions are introduced for the temperature
profile and Nusselt number as functions of porous medium
shape parameter and thermal conductivity variation
parameter.
– When the porous media shape parameter (s) increases, no
changes have been observed in the shape of temperature
distribution, but its value at the centerline increases.
– The Nusselt number increases with increasing the thermal
conductivity variation parameter. This means that the over-
all heat transfer increases with enhancement of thermal con-
ductivity. The same pattern can be seen for increasing the
porous medium shape parameter (s).
– The dimensionless temperature profiles decrease with e and
this decline is more obvious at low value of the porous med-
ium shape parameter (s).
Appendix A
Energy equation for the LTE model is introduced:
@
@x
qfCpu
T
  ¼ 1
r
@
@r
rk
@T
@r
 
ðA:1Þ
Thermal conductivity has been defined:
k ¼ kw 1þ e r

R
 
¼ kwð1þ erÞ ðA:2Þ
Combination of two Eqs. (A.1) and (A.2) results in the
following:
qfCpu
 @
@x
ðTÞ ¼ @
@r
kw 1þ e r

R
 
r
@T
@r
 
ðA:3Þ
By applying the First Law of Thermodynamics
@Tf
@x ¼ 2q
00
w
qcpRU
 
and Eqs. (22)–(25), we have the following:ced convection for a tube filled with porous media: A perturbation solution, Ain
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r
@
@r
ð1þ erÞr dh
dr
 
ðA:4Þ
Hence, take the derivative of (A.4):
u^Nu ¼ 2e dh
dr
þ 1
r
dh
dr
þ ð1þ erÞ d
2h
dr2
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